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Scaling properties of azimuthal anisotropy in Au plus Au and Cu plus Cu
collisions at root s(NN)=200 GeV
Abstract
Differential measurements of elliptic flow (v(2)) for Au+Au and Cu+Cu collisions at root s(NN)=200 GeV
are used to test and validate predictions from perfect fluid hydrodynamics for scaling of v(2) with eccentricity,
system size, and transverse kinetic energy (KET). For KET equivalent to m(T)-m up to similar to 1 GeV the
scaling is compatible with hydrodynamic expansion of a thermalized fluid. For large values of KET mesons
and baryons scale separately. Quark number scaling reveals a universal scaling of v(2) for both mesons and
baryons over the full KET range for Au+Au. For Au+Au and Cu+Cu the scaling is more pronounced in terms
of KET, rather than transverse momentum.
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Differential measurements of elliptic flow (v2) for Au Au and Cu Cu collisions at sNNp 
200 GeV are used to test and validate predictions from perfect fluid hydrodynamics for scaling of v2
with eccentricity, system size, and transverse kinetic energy (KET). For KET  mT m up to 1 GeV
the scaling is compatible with hydrodynamic expansion of a thermalized fluid. For large values of KET
mesons and baryons scale separately. Quark number scaling reveals a universal scaling of v2 for both
mesons and baryons over the full KET range for Au Au. For Au Au and Cu Cu the scaling is more
pronounced in terms of KET , rather than transverse momentum.
DOI: 10.1103/PhysRevLett.98.162301 PACS numbers: 25.75.Dw
Quantum chromodynamics calculations performed on
the lattice indicate a transition from a low-temperature
phase of nuclear matter, dominated by hadrons, into a
high-temperature plasma phase of quarks and gluons
(QGP) [1]. For matter with zero net baryon density, this
phase transition has been predicted to occur at an energy
density of 1 GeV=fm3 or for a critical temperature Tc 
170 MeV [2]. Recent estimates from transverse energy
(ET) measurements at the relativistic heavy ion collider
(RHIC) have indicated energy densities of at least
5:4 GeV=fm3 in central Au Au collisions [3]. Thus, an
important prerequisite for QGP production is readily ful-
filled at RHIC. Indeed, there is much evidence that ther-
malized nuclear matter has been created at unprecedented
energy densities in collisions at RHIC [3–10].
Hydrodynamics provides a link between the fundamen-
tal properties of this matter (its equation of state (EOS) and
transport coefficients) and the flow patterns evidenced in
the measured hadron spectra and azimuthal anisotropy
[11–15]. Experimentally, such a momentum anisotropy is
commonly characterized at midrapidity, by the even or-
der Fourier coefficients [16,17], vn  heinpRPi, n 
2; 4; . . . , where p is the azimuthal emission angle of a
particle, RP is the azimuth of the reaction plane, and the
brackets denote statistical averaging over particles and
events.
At low transverse momentum (pT & 2:0 GeV=c) the
magnitude and trends of elliptic flow, measured by the
second Fourier coefficient v2, is found to be underpre-
dicted by a hadronic cascade model [18]. By contrast, a
broad selection of the data showed good quantitative agree-
ment with perfect fluid (very low ratio of viscosity to
entropy) hydrodynamics [9,10,12,15] and a transport
model calculation which incorporates extremely large
opacities [19]. For higher pT , quark coalescence from a
thermalized state of flowing partonic matter [20–22] has
been found to be consistent with the data [23,24]. These
results provide evidence for the production of a strongly
interacting QGP whose subsequent evolution is similar to
that of a ‘‘perfect’’ fluid [7–10].
Systematic theoretical and experimental studies of the
influence of model parameters are now required to gain
more quantitative insight on the transport coefficients and
the EOS for this strongly interacting matter. The range of
validity of perfect fluid hydrodynamics is affected by the
degree of thermalization [25] and the onset of dissipative
effects [25–27]. These questions can be addressed by
investigating several scaling predictions of perfect fluid
hydrodynamics [15,25,28–30].
In the hydrodynamic model, elliptic flow can result from
pressure gradients due to the initial spatial asymmetry or
eccentricity   hy2  x2i=hy2  x2i, of the high en-
ergy density matter in the collision zone. The initial en-
tropy density Sx; y, can be used to average over the x and
y coordinates in the plane perpendicular to the collision
axis, where x points along the impact vector and y is
orthogonal. For a system of transverse size R (1= R 

1=hx2i  1=hy2ip ), this flow develops over a time scale
 R=hcsi, where cs is the speed of sound. Thus, the initial
energy density controls how much flow develops globally,
while the detailed development of the flow patterns are
largely controlled by  and cs.
An important prediction of perfect fluid hydrodynamics
is that the relatively ‘‘complicated’’ dependence of azimu-
thal anisotropy on centrality, transverse momentum, rapid-
ity, particle type, higher harmonics, etc., can be scaled to a
single function [15,31]. Immediate consequences of this
[15,25,28,31] are that: (i) v2 scaling should hold for a
broad range of impact parameters for which the eccentric-
ity varies, i.e., v2pT= should be independent of central-
ity; (ii) v2pT should be independent of colliding system
size for a given eccentricity; and (iii) for different particle
species, v2KET at midrapidity should scale with the
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transverse kinetic energy KET  mT m [15], where mT
is the transverse mass.
We use high statistics v2 data to test these scaling
predictions and explore constraints for the range of validity
of perfect fluid hydrodynamics. The measurements were
made at sNN
p  200 GeV with the PHENIX detector [32]
at RHIC. Approximately 6:5 108 Au Au and 8:0
107 Cu Cu minimum-bias collisions were analyzed from
the 2004 and 2005 running periods, respectively. The
collision vertex z, along the beam direction was con-
strained to be within jzj< 30 cm. The event centrality
for Au Au collisions was determined via cuts in the
space of beam-beam counter (BBC) versus zero degree
calorimeter analog response [33]. For Cu Cu only the
amplitude of the BBC analog response was used. Charged
hadrons were detected in the two central arms (jj 	
0:35). Track reconstruction used the drift chambers and
two layers of multiwire proportional chambers with pad
readout (PC1 and PC3) located at radii of 2m, 2.5, and 5 m,
respectively [32].
The time-of-flight (TOF) detector positioned at a ra-
dial distance of 5.06 m, was used to identify pions (
),
kaons (K
), and (anti)protons  pp. The BBCs and
TOF scintillators provided the global start and stop signals.
These measurements were used in conjunction with the
measured momentum and flight-path length to generate a
mass-squared distribution [34]. A momentum dependent

2 cut about each peak in this distribution was used to
identify 
, K
 and  pp in the range 0:2< pT <
2:5 GeV=c, 0:2<pT < 2:5 GeV=c, and 0:5< pT <
4:5 GeV=c, respectively. A track confirmation hit within
a 2:5 matching window in PC3/TOF served to eliminate
most albedo, conversions, and resonance decays.
The differential elliptic flow measurements for charged
hadrons and identified particles were obtained with the
reaction plane method. This technique correlates the azi-
muthal angles of charged tracks with the azimuth of the
event plane 2, determined via hits in the two BBCs
positioned symmetrically along the beam line, covering
the pseudorapidity range 3< jj< 3:9 [23]. A large  gap
between the central arms and the particles used for reaction
plane determination reduces the influence of possible non-
flow contributions, especially those from dijets [35].
Values of v2 were calculated via the expression v2 
hcos2p 2i=hcos22 RPi, where the de-
nominator is a resolution factor that corrects for the differ-
ence between the estimated 2 and the true azimuth RP
of the reaction plane [23,36]. The estimated resolution
factor of the combined reaction plane from both BBCs
[23] has an average of 0.33 (0.16) over centrality with a
maximum of about 0.42 (0.19) for Au Au (Cu Cu).
The estimated correction factor for the v2 measurements
(i.e., the inverse of the resolution factor) ranges from 2.4
(5.5) to 5.0 (13), for which relative systematic errors are
estimated to be 5% and 10% for Au Au and Cu
Cu, respectively.
Figure 1 shows the differential v2pT for charged had-
rons obtained in Au Au and Cu Cu collisions. The
v2pT results exhibit the familiar increase as collisions
become more peripheral and the pT increase [3–5]. We test
these data for eccentricity scaling by dividing the differ-
ential values shown in Fig. 1 by the v2 integrated over the
pT range 0:3–2:5 GeV=c for each of the indicated central-
ity selections. The hydrodynamic model predicts that this
ratio is constant with centrality and independent of collid-
ing system because  is proportional to the pT-integrated
v2 values (i.e.,   k v2). The latter proportionality has
been observed for Au Au collisions [37,38]. A Glauber
model estimate of  [38] gives k  3:1
 0:2 for the cuts
employed in this analysis. This method of scaling leads to a
scale invariant variable and cancels the systematic errors
associated with estimates of the reaction plane resolution
and the eccentricity. It contrasts the methodologies of
















































FIG. 1 (color online). v2 vs pT for charged hadrons obtained in
(a) Au Au and (b) Cu Cu collisions for the centralities
indicated. (c) v2centrality; pT divided by k  3:1 (see text)
times the pT-integrated value v2centrality for Au Au and
Cu Cu.
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The resulting scaled v2pT values for Cu Cu and
Au Au collisions, are shown in Fig. 1(c). To facilitate
later comparisons with the model calculations of Ref. [25],
they are divided by k  3:1. These scaled values are
clearly independent of the colliding system size and
show essentially perfect scaling for the full range of cen-
tralities (or ) and pT selections presented [41]. The scaled
v2 are also in accord with the scale invariance of perfect
fluid hydrodynamics [25,29], which suggests that rapid
local thermalization [9,10] is achieved. It is noteworthy
that similarly robust scaling for the pT-integrated v2 is not
observed [39,40]. This is probably due to methodological
differences in the evaluation of .
The magnitude of v2= depends on cs [25]. As a rea-
sonable first approximation we compare our measured
v2= at an integrated hpTi  0:45 GeV=c and the results
of Fig. 2 of [25] to obtain cs  0:35
 0:05. Note that this
hpTi value accounts for pT threshold differences and the
calculations are done at fixed b  8 fm and constant cs.
Thus, since we expect the speed of sound to vary as a
function of time, one might view this cs value as the
approximate average value over the time period 2 R=cs,
the time over which the flow develops. This value suggests
an effective EOS, which is softer than that for the high-
temperature QGP [42], but does not reflect a very strong
first order phase transition in which matter-flow is signifi-
cantly slowed or stalled.
Figures 2 and 3 show that the distinctive features of the
v2 for identified particles provide another detailed set of
scaling tests. Figure 2(a) shows a comparison of the mea-
sured differential anisotropy v2pT, for several particle
species obtained in minimum-bias Au Au collisions at
sNN
p  200 GeV. The results are in good agreement (bet-
ter than 3%) with those of our previous measurements [23].
The values for neutral kaons (K0s ), lambdas (), and the
cascades () show results from the STAR Collaboration
[24,43]. The STAR v2 values were multiplied by the factor
1.1 to account for a small difference between the average
centralities for minimum-bias events from the two experi-
ments. PHENIX and STAR v2pT results [for 
, p p
and K] for 10% centrality bins are essentially identical.
The comparison in Fig. 2(a) shows the well-known
particle identification (PID) ordering of v2pT at both
low and high pT values. At low pT (pT & 2 GeV=c), one
can see rather clear evidence for mass ordering. If this
aspect of v2 is driven by a hydrodynamic pressure gradient,
the prediction is that the differential v2 values observed for
each particle species should scale with KET . The pressure
gradient that drives elliptic flow is directly linked to the
collective kinetic energy of the emitted particles. For
higher values of pT (pT  2–4 GeV=c), Fig. 2(a) indicates
that mass ordering is broken and v2 is more strongly
dependent on the quark composition of the particles than
on their mass, which has been attributed to the dominance
of the quark coalescence mechanism for pT  2
4 GeV=c [22–24].
Figure 2(b) shows the same v2 data presented in
Fig. 2(a) plotted as a function of KET . Note that KET is a
robust scaling variable because it takes into account rela-
tivistic effects, which are especially important for the light-
est particles. In contrast to the PID ordering observed in
Fig. 2(a), all particle species scale to a common set of
elliptic flow values for KET & 1 GeV, confirming the
strong influence of hydrodynamic pressure gradients. For
KET * 1 GeV, this particle mass scaling (observed for all
particle species) gives way to a clear splitting into a meson
branch (lower v2) and a baryon branch (higher v2). Since
both of these branches show rather good scaling separately,
we interpret this as an initial hint for the degrees of free-
dom in the flowing matter at an early stage.
Figure 3 shows the results obtained after quark number
scaling of the v2 values shown in Fig. 2. That is, v2, pT , and
KET are divided by the number of constituent quarks nq for
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FIG. 3 (color online). (a) v2=nq vs pT=nq and (b) v2=nq vs
KET=nq for identified particle species obtained in minimum-bias




















FIG. 2 (color online). (a) v2 vs pT and (b) v2 vs KET for
identified particle species obtained in minimum-bias Au Au
collisions. The STAR data are from Refs. [24,43].
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mesons (nq  2) and baryons (nq  3). Figure 3(a) indi-
cates rather poor scaling for pT=nq & 1 GeV=c and much
better scaling for pT=nq * 1:3 GeV=c, albeit with large
error bars. The relatively large scaling violation observed
for pions indicate that this particle species does not fit the
simple quark coalescence picture of Refs. [22–24]. In
contrast, Fig. 3(b) shows excellent scaling over the full
range of KET=nq values. We interpret this as an indication
of the inherent quarklike degrees of freedom in the flowing
matter. These degrees of freedom are gradually revealed as
KET increases above 1 GeV [cf. Fig. 2(b)] and are
apparently hidden by the strong hydrodynamic mass scal-
ing, which predominates at low KET . The fact that v2=nq
shows such good scaling over the entire range of KET=nq
and does not for pT=nq, serves to highlight the fact that
hydrodynamic mass scaling is preserved over the domain
of the linear increase in KET . Figure 3(b) should serve to
distinguish between different quark coalescence models.
In summary, we have presented the results from detailed
tests of hydrodynamic scaling of azimuthal anisotropy in
Au Au and Cu Cu collisions at sNNp  200 GeV.
For a broad range of centralities, eccentricity scaling is
observed for charged hadrons for both the Cu Cu and
Au Au systems. For a given eccentricity, v2 is also found
to be independent of colliding system size. The observed
scaling for identified particles in Au Au collisions,
coupled with  scaling, gives strong evidence for hydro-
dynamic scaling of v2 over a broad selection of the elliptic
flow data. For KET  1–4 GeV universal hydrodynamic
scaling is violated, but baryons and mesons are found to
scale separately. Quark number scaling (v2=nq vs KET=nq)
in this domain leads to comprehensive overall scaling of
the data, with substantially better scaling behavior than that
found for v2=nq vs pT=nq. The scaling with valence quark
number may indicate a requirement of a minimum number
of objects in a localized space that contain the prerequisite
quantum numbers of the hadron to be formed. Whether the
scaling further indicates these degrees of freedom are
present at the earliest time is in need of more detailed
theoretical investigation.
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